Abstract. We study divisors in a complex manifold in view of the property that the algebra of logarithmic differential operators along the divisor is generated by logarithmic vector fields. We give
Logarithmic comparison theorem for free divisors
Let X be a complex manifold of dimension n ≥ 2, O the ring holomorphic functions on X, and Ω
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is concentrated in degree 0 and the natural multiplication morphism
is an isomorphism. Injectivity of ǫ D is locally equivalent to Ann D ( 
A solution of the LCT problem seems to require a deeper understanding of the V-filtration in general. There are many questions:
• What are properties of the V We shall approach the first two questions in this article.
V-filtration along subvarieties and divisors
Let Y ⊂ X be a subvariety in X and let I ⊂ O be its ideal. The V-filtration V Y along Y is the increasing filtration on D defined by
We shall omit the index Y if it is clear from the context. Clearly
Example 1. Let x 1 , . . . , x m , y 1 , . . . , y n be coordinates on X = C m+n .
(1) For the submanifold Y = {y = 0},
(2) For the normal crossing divisor D = (y 1 · · · y n ),
Denote the complement of the singularities of Y by
We shall omit the index Y if it is clear from the context. The V-filtration along a divisor has a special property.
Proof. We may assume that D = (f ) for some f ∈ O by the local nature of the statement. Since V k ⊂ D and D is a locally free O-module,
for all g ∈ O and l ∈ Z and hence P ∈ V k .
Proof. The equalities in question hold on U D by Example 1 (2) and hence on X by Proposition 2.
Denote the symbol map for F by
This definition simplifies to
by the Leibniz rule and implies involutivity of Der(log Y ), that is
Example 4. Let x 1 , . . . , x m , y 1 , . . . , y n be coordinates on X = C m+n .
(2) For the normal crossing divisor
Let O[Der(log Y )] ⊂ D be the image of the tensor algebra Lemma 7. Let R be a domain and let P 1 , . . . ,
Proof. Write P i = j p i,j T j with p i,j ∈ R. Then by assumption p = det(p i,j ) = 0 and hence R p [P 1 , . . . , P n ] is a polynomial ring. Since R is a domain, R / / R p is injective and hence R[P 1 , . . . , P n ] is a polynomial ring. 
Proof. Let 0 = P ∈ F d D and assume that condition (1) holds. For l ∈ N, the vector space C[x 1 , . . . , x n ] ≤d−l is invariant under x → Ax + a for a ∈ C n and A ∈ GL n (C). Hence, at a smooth point y of D, condition (1) holds for coordinates x 1 , . . . , x n at y such that ∂ xn (f )(y) = 0. Then y 1 , . . . , y n−1 , t = x 1 , . . . , x n−1 , f are coordinates at y such that
Write P y = |β|+l≤d p β,l ∂ β y ∂ l t with p β,l ∈ O y and choose γ ∈ N n−1 and m ∈ N such that |γ| + m is minimal with p γ,m = 0. Then
and hence p γ,m ∂ γ y ∂ m t ∈ V k,y by Example 1 (2). By increasing induction on |γ| + m, this implies P y ∈ V k,y for all y ∈ U D and hence P ∈ V k by Proposition 2.
Example 9. Let x, y, z be coordinates on C 3 and f = xyz(x + y + z)(x + 2y + 3z).
Then D = (f ) ⊂ C 3 is a central generic hyperplane arrangement. Let
There is another special property of the V-filtration along a divisor.
Proof. Let x ∈ X and D x = (f ) with f ∈ O x . Since O x is torsion free and depth(O x ) ≥ 2, there is an O x -sequence a 1 , a 2 ∈ m x such that a 1 is different from all irreducible factors of f . Let P ∈ V k,x with a
by the choice of a 1 for all g ∈ O and l ∈ Z and hence P ∈ a 1 · V 0,x . Then a 1 , a 2 ∈ m x is a V k,x -sequence and hence depth x (V k ) ≥ 2.
Symmetric algebra of logarithmic vector fields
The condition in Corollary 5 is difficult to verify in general. Therefore we focus on a case in which it still holds after grading by F . There is a commutative diagram of graded algebras
Lemma 11. If α Y is an isomorphism then
Proof. There is a commutative diagram
Then the claim follows by induction on deg(P ) for
Lemma 12. α Y is an isomorphism if and only if π Y is injective.
Proof. Assume that π Y is injective. An element of gr
By definition of Sym O , this implies that P d is in the twosided ideal generated by the relations ξ ⊗ η − η ⊗ ξ and ξ ⊗ (aη) − (aξ) ⊗ η where ξ, η ∈ Der(log Y ) and a ∈ O. But
by involutivity of Der(log Y ) and
This means that (1) Sym R M is R-torsion free.
(2) Sym R M is a domain. 
is a domain and hence Sym R M is a domain since R is a domain. Applying Sym R to the inclusion M ⊂ R d yields A divisor D ⊂ X is called Euler homogeneous if locally χ(f ) = f for some χ ∈ Der(log D) and f ∈ O such that D = (f ). In this case, χ is called an Euler vector field and
If D is Euler homogeneous and
Proof. This follows from Corollary 5, Lemmata 11, 12, and 14, and the preceding remarks. Proof. It suffices to verify that no syzygy of χ and the η i,j involves χ. One can obtain the syzygies from a standard basis computation [GP02, Alg. 2.5.4]. The first s-polynomials x k χ − η k,n and x j η i,k − x i η j,k have a zero ∂ n component. Hence only a sequence of s-polynomials starting with x k χ − η k,n can contribute to syzygies involving χ and the coefficient of χ remains a monomial. Each element in such a sequence has exactly one monomial involving x n . Since the ∂ 2 , . . . , ∂ n−1 are leading components of the η i,j , the sequence terminates with a non-zero element a k ∂ 1 ≡ x α k χ mod A n . By the same reason, O · ∂ 1 ⊕ A n is a direct sum and hence x αj a k = x α k a j . This implies that the coefficient of χ in any syzygy is zero.
